The largest real root of the independence

polynomial of a unicyclic graph

Ben Cameron

University of Guelph/The King’s University

ben.cameron@kingsu.ca

(Joint work with Iain Beaton)

May 28, 2021



Intro
@00

Independence Polynomial

The independence polynomial of a graph G, denoted I(G, ), is
the generating polynomial for the number of independent sets
of G of each order.

a(G)
I(G,x) = Z Gk,
k=0

(i¢ denotes the number of independent sets of order &, a(G)
denotes the independence number)
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Proposition (Gutman-Harary 1983): If GG is a graph and
v € V(G), then

I(G,z) =I(G —v,z) + - I(G — N[v], x).
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Proposition (Gutman-Harary 1983): If GG is a graph and
v € V(G), then

I(G,z) =I(G —v,z) + - I(G — N[v], x).

I(Sy,z)=(142z)3+z-1
=144z +32° + 23



Intro
ooe

The roots of I(G, x) are called the independence roots of G.

Figure: Independence roots of all graphs on n < 8 vertices.
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Theorem (Brown-Hickman-Nowakowski 2004): The set of all

independence roots is dense in C.
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Definition: Let §(G) denote the independence root of G of
smallest modulus. ‘

Theorem (Fisher-Solow 1990, Goldwurm-Santini 2000, Csikvari

2013): For every graph G, f(G) is unique and real.

Therefore, smallest modulus root is largest real root.

Theorem (Csikvari 2013): B(Py,) < B(T) < B(Sp) for all trees T
of order n. ‘

Corollary: B(Py,) < B(G) < B(K,,) for all graphs G of order n. J

Bounds on /3 are open for all other families of graphs.
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Definition (Csikvari 2013):

H=G if and only if I(H,z) > I(G,z) for all x € [3(G),0].
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Definition (Csikvari 2013):

H=G if and only if I(H,z) > I(G,z) for all x € [3(G),0].

Proposition (Csikvari 2013)
) Xis transitive.
2) If H <G, then B(H) < B(G).
3) If H is a subgraph of G, then H < G.
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Definition (Csikvari 2013):

H=G if and only if I(H,z) > I(G,z) for all x € [3(G),0].

Proposition (Csikvari 2013)
) Xis transitive.
2) If H <G, then B(H) < B(G).
3) If H is a subgraph of G, then H < G.

Theorem (Csikvari 2013) If T is a tree of order n, then
P,XT=S,.



Figure: K9 < P3 so <
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[ Je]

Question (Oboudi 2018): What are the maximal and minimal
elements with respect to < among the family of connected
unicyclic graphs?

Theorem (Oboudi 2018): Let G and H be graphs with
ueV(G),ec E(G),ve V(H), and f € E(H). Then the
following hold:

(1) HH—v=<G—wuand G— N[u| X H— N[v], then H < G.
(¢)
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Theorem (Beaton-C. 2020+ ): If G is a connected unicyclic
graph of order n, then C,, X G X U,.

[

Vg

Un-3

Figure: The graph U,



Unicyclic Graphs

oe

Theorem (Beaton-C. 2020+ ): If G is a connected unicyclic
graph of order n, then C,, X G X U,.

Corollary: If G is a connected unicyclic graph of order n, then

B(Crn) < B(G) < B(Un).

[

Vg

Un-3

Figure: The graph U,
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Definition: A graph on n vertices is well-covered if all of its
maximal independent sets have the same order.
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Definition: A graph on n vertices is well-covered if all of its
maximal independent sets have the same order.

Theorem (Brown-C. 2020): Among all graphs of order n, the
maximum modulus of an independence root is O(3%5).

Theorem (Brown-C. 2020): Among all trees of order n, the
maximum modulus of an independence root is O(22).
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Definition: A graph on n vertices is well-covered if all of its
maximal independent sets have the same order.

Theorem (Brown-C. 2020): Among all graphs of order n, the
maximum modulus of an independence root is O(3%5).

Theorem (Brown-C. 2020): Among all trees of order n, the
maximum modulus of an independence root is O(22).

Theorem (Brown-Nowakowski. 2001): Among all well-covered
graphs of order n, the maximum modulus of an independence
root is less than n.
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Graph Star Operation

Definition: Let G be a graph. Form G*, the graph star of G by
attaching a leaf to each vertex of G. J
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Graph Star Operation

Definition: Let G be a graph. Form G*, the graph star of G by
attaching a leaf to each vertex of G. J

Figure: G*.

Theorem (Topp-Volkmann 1990): G* is well-covered for all
graphs G. J
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Theorem (Finbow-Hartnell-Nowakowski 1993): If G # K; and
G # C7 and girth(G) > 6, then G is well-covered if and only if
G=H"
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G # C7 and girth(G) > 6, then G is well-covered if and only if
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Lemma (Beaton-C. 2020+): Let G and H be graphs of order n.
Then H < G if and only if H* < G*.
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Theorem (Finbow-Hartnell-Nowakowski 1993): If G # K; and
G # C7 and girth(G) > 6, then G is well-covered if and only if
G=H"

Lemma (Beaton-C. 20204 ): Let G and H be graphs of order n.
Then H < G if and only if H* < G*.

Corollary: If T is a well-covered tree of order 2n, then
Pr<T=<S".
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Theorem (Topp-Volkmann 1990): A graph G is a connected
well-covered unicyclic graph if and only if

G e {03,04,05,07}U83U84U85UICLI.

Note: All graphs in 83 and S5 have odd order while all graphs
in S4 and KU have even order by definition.
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The Dagger Operation

Gt <Q.

U W —

Lemma (Beaton-C. 2020+) If G is a graph as above, then J
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(a) G1

Figure: Graph sequence formed by successive dagger operations.
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(a) G1 (b) G2

Figure: Graph sequence formed by successive dagger operations.
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(a) G1 (b) GQ (C) Gg

Figure: Graph sequence formed by successive dagger operations.
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(a) G1 (b) G2 (c) Gs (d) Ga

Figure: Graph sequence formed by successive dagger operations.
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\V4

(a) G1 (b) G2 (c) Gs (d) Ga

Figure: Graph sequence formed by successive dagger operations.

Lemma (Beaton-C. 20204 ): “This” works in general.
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Theorem (Beaton-C. 2020+): If G is a connected well-covered
unicyclic graph of order 2n, then C); <G X U;:. J
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Theorem (Beaton-C. 2020+): If G is a connected well-covered
unicyclic graph of order 2n, then C); <G X U;:.

Proof sketch lower bound.: If G € KA done. Else, G € S4.

o) | 7
b

| | |
(a) G
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Even Order

Theorem (Beaton-C. 2020+): If G is a connected well-covered
unicyclic graph of order 2n, then C); <G < U;;.

Proof sketch lower bound.: If G € KU done. Else, G € Sy.

-
T T T; 4I
(a) G (b) F
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Even Order

Theorem (Beaton-C. 2020+): If G is a connected well-covered
unicyclic graph of order 2n, then C); <G < U;;.

Proof sketch lower bound.: If G € KU done. Else, G € Sy.

1
kg T T; 4I
(a) G (b) F (c) Cn
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Even Order

Theorem (Beaton-C. 2020+): If G is a connected well-covered
unicyclic graph of order 2n, then C}; <G X U}

Proof sketch lower bound.: If G € KU/ done. Else, G € S4.

1
;i T i 4I
(a) G (b) F (c) Cn

If H— f<G—cand G — N[¢] < H— N[f], then H < G.
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Even Order

Theorem (Beaton-C. 2020+): If G is a connected well-covered
unicyclic graph of order 2n, then C}; <G X U;.

Proof sketch lower bound.: If G € KU done. Else, G € S4.

(a) G (b) F—e (©)

Cr—f

If H— f<G—-eand G— Nle] X H— N|[f], then H <X G.
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Theorem (Beaton-C. 2020+): If G is a connected well-covered
unicyclic graph of order 2n, then C}; <G X U;.

Proof sketch lower bound.: If G € KU done. Else, G € S4.

7|z | (o
.
@
b
| [z 7
(a) G

IfH—f<G-—eand G— Nl

rrol

(b) F—Nle] (©)

=< H — NJ[f], then H < G.
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Even Order

Theorem (Beaton-C. 2020+): If G is a connected well-covered
unicyclic graph of order 2n, then C}; <G X U;. )
Proof sketch lower bound.: If G € KU/ done. Else, G € S4.
A
f
(a) G (b) (c) Ca
So G = F = C=. O]
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Odd Order

C2

G(5,k,0)

L. LA.i

c3 Uy Up Ups1

(b) G(3,k +1,0)

Figure: Graphs in the family Sp.
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Odd Order

(a) G(5,k, L)

VAN

Vg v c3 Uy Up Ups1

(b) G(3,k +1,0)

Figure: Graphs in the family Sp.

Lemma (Beaton-C. 2020+) If G, H € Sp and have the same
order, then I(G,z) = I(H,z). J
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Odd Order

Theorem (Beaton-C. 2020+) Let G be a connected well-covered
unicyclic graph of odd order n and H,, € Sp of order n. Then

i) Cp, 2G=2M,ifn <7, and
i) Hy = G < M, ifn>9.

Figure: The graph M,,.



red Unicyclic Graphs

Odd Order

Theorem (Beaton-C. 2020+) Let G be a connected well-covered
unicyclic graph of odd order n and H,, € Sp of order n. Then

i) Cp, 2G=2M,ifn <7, and
i) Hy = G < M, ifn>9.

4

Corollary (Beaton-C. 2020+) Let G be a connected well-covered
unicyclic graph of odd order n and H,, € Sp of order n. Then

i) B(Cn) < B(G) < B(My) if n <7, and
i) B(Hy) < B(G) < B(M,) it n > 9.

Figure: The graph M,,.
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Open Problems

Question: What are the maximum and minimum graphs with
respect to < among c-cyclic graphs for ¢ > 27

Theorem (Beaton-C. 2020+): If G is a bipartite graph of order
n, thenPn jGjK[ "| LEJ

]
2 2
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Open Problems

Question: What are the maximum and minimum graphs with
respect to < among c-cyclic graphs for ¢ > 27

Theorem (Beaton-C. 2020+): If G is a bipartite graph of order
n, thenPn jGjK[ "| LEJ

]
2 2

Conjecture: If G is a triangle-free graph of order n, then
B, = GjK(q |2]-
2 [°L2
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