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Question: What is so special about odd cycles?

Not bipartite, but deleting any vertex from an odd cycle
results in a bipartite graph.
This is the definition of a 3-critical graph.
In fact, a graph is 3-critical if and only if it is an odd cycle.

Def: A graph G is k-critical if χ(G − v) < χ(G) for all v ∈ V (G).
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Fact: G is not k-colourable if and only if G contains a
(k + 1)-critical induced subgraph.

“Proof:” (⇒) If G is not k-colourable, then delete every vertex
that doesn’t reduce the chromatic number.

This leaves a k′-critical induced subgraph for some k′ > k.
If k′ > k + 1, then delete a vertex and repeat the process
until you are left with a (k + 1)-critical induced subgraph.

(⇐)

If G contains a (k + 1)-critical induced subgraph H, but G
is k-colourable, then:

We can use a k-colouring of G restricted to V (H) to
k-colour H, a contradiction!
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Definition: A certifying algorithm is an algorithm that produces
with each output a certificate that the particular output has
not been compromised by a bug.
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Consider an algorithm to solve IsBipartite.
If an input graph is bipartite, then the “yes”-certificate is a
bipartition.

Can be verified in O(E) time (E is number of edges in
input graph).

If an input graph is non-bipartite, then the “no”-certificate
is an induced odd cycle.

Can be verified in O(n|C|) time (C is the odd induced cycle
and n the order of the input graph).

Bottom line: IsBipartite can be efficiently certified.
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Consider an algorithm to solve Is-k-Colourable for a fixed
positive integer k.

If an input graph is k-colourable, then the “yes”-certificate
is a k-colouring.

Can be verified in O(E) time (E is number of edges in
input graph).

If an input graph is not k-colourable, then the
“no”-certificate is an induced (k + 1)-critical graph.

For k ≥ 3, no known efficient recognition algorithm for
(k + 1)-critical graphs :-(

Bottom line: Is-k-Colourable can be efficiently
“yes”-certified, but likely not efficiently “no”-certified :-(
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Question: What if we restrict our input graphs somehow?

Definition: A graph is H-free if it does not contain H as an
induced subgraph.

Figure: The graph C5 is P5-free, but not P4-free
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P5-free graphs are given below.



Colouring Certificates Critical H-free Graphs Some of my Results Conclusion
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“Critical” Question: For which H are there only finitely many
k-critical H-free graphs for all k ≥ 4?

Theorem (Chudnovsky-Goedgebeur-Schaudt-Zhong 2020): There are only
finitely many 4-critical H-free graphs if and only if H is an
induced subgraph of P6, 2P3, or P4 + ℓP1 for some ℓ ≥ 0.

Theorem (Hoàng-Moore-Recoskie-Sawada-Vashtelle 2015): If H contains an
induced 2P2, then there is an infinite number of k-critical
H-free graphs for all k ≥ 5.

Thus, for the “Critical” Question, H must be one of:
ℓP1

Follows from Ramsey’s Theorem!

P2 + ℓP1

P3 + ℓP1

P4 + ℓP1
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Theorem (Hoàng-Moore-Recoskie-Sawada-Vashtelle 2015): If H contains an
induced 2P2, then there is an infinite number of k-critical
H-free graphs for all k ≥ 5.

Thus, for the “Critical” Question, H must be one of:
ℓP1

Follows from Ramsey’s Theorem!

P2 + ℓP1

P3 + ℓP1

P4 + ℓP1



Colouring Certificates Critical H-free Graphs Some of my Results Conclusion

“Critical” Question: For which H are there only finitely many
k-critical H-free graphs for all k ≥ 4?

Theorem (Chudnovsky-Goedgebeur-Schaudt-Zhong 2020): There are only
finitely many 4-critical H-free graphs if and only if H is an
induced subgraph of P6, 2P3, or P4 + ℓP1 for some ℓ ≥ 0.
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Theorem (Hoàng-Moore-Recoskie-Sawada-Vashtelle 2015): If H contains an
induced 2P2, then there is an infinite number of k-critical
H-free graphs for all k ≥ 5.

Thus, for the “Critical” Question, H must be one of:
ℓP1 Follows from Ramsey’s Theorem!
P2 + ℓP1

P3 + ℓP1

P4 + ℓP1



Colouring Certificates Critical H-free Graphs Some of my Results Conclusion

Figure: P2 + 2P1, smallest open case of “Critical” Question in 2020.
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Theorem (C.-Hoàng-Sawada 2022): For all k ≥ 1 and ℓ ≥ 1,
there are only finitely many k-critical (P2 + ℓP1)-free graphs.

G

S

G′

. . .

> (ℓ − 1)|G′|

• G:k-critical (P2 + ℓP1)-free

• S:maximum independent set
• G′:(k − 1)-critical
• S too small ⇒ done by Ramsey
• S too big ⇒ either:
• (1) G has induced P2 + ℓP1 or
• (2) ∃s ∈ S adjacent to all v ∈ G′

• G′ ∪ {s} k-critical

Contradiction!

“Critical” Question only open for H = P3 + ℓP1 and P4 + ℓP1
for ℓ > 0.
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• S:maximum independent set
• G′:(k − 1)-critical
• S too small ⇒ done by Ramsey
• S too big ⇒ either:
• (1) G has induced P2 + ℓP1 or
• (2) ∃s ∈ S adjacent to all v ∈ G′

• G′ ∪ {s} k-critical

Contradiction!

“Critical” Question only open for H = P3 + ℓP1 and P4 + ℓP1
for ℓ > 0.
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Theorem (Abuadas-C.-Hoàng-Sawada 2024): There are only
finitely many k-critical (P3 + ℓP1)-free graphs for all k and ℓ.

“Critical” Question: For which H are there only finitely many
k-critical H-free graphs for all k?

Thus, for the “Critical” Question, H must be one of:
ℓP1 (Follows from Ramsey’s Theorem!)
P2 + ℓP1 (C.-Hoàng-Sawada 2022)
P3 + ℓP1 (Abuadas-C.-Hoàng-Sawada 2024)
P4 + ℓP1

Figure: P4 + P1, the smallest open H for the “Critical” Question.



Colouring Certificates Critical H-free Graphs Some of my Results Conclusion
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P2 + ℓP1 (C.-Hoàng-Sawada 2022)
P3 + ℓP1 (Abuadas-C.-Hoàng-Sawada 2024)
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To be continued in part 2 by...

Thank You!
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